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I I I .  METhOD OF MOMENTS SOLUTION FOR - BODY OF REVOLUTION

- In this section, a method of moments solution to (9) and (10) is

F developed for a homogeneous loss—free body of revolution. Special cases of

* (9) and (10) are the PMCHW equations (18) and (19) and the MUller equations

(24) and (25).

For compatibility with equation (40) on page 14 of [9], we rewrite

— (9) as

— -
~~
- (E + aE~) = ~~ E

i (30)
n —e .~.d tan ri —tan

S e e

- 

where tan denotes tangential components on S and 
~e is given by (29) .  The

fields oti the left—hand sides of (30) and (10) are written as the sum of
S 

- 
fields due to J and fields due to H. Advantage is taken .. f the fact that

- 
S the opera tor which gives the electric field due to a magnetic current i~

the negative of th3 operator which gives the magnetic field due to an

electric current and that the operator which gives the magnetic field due

to a magnetic current is the ;;quare of the reciprocal of the intrinsic

impedance times the operator which gives the electric field due to an

electric current. In view of the above considera ions, (30) and (10) be—

- come

S (- E (J) + -~~- H (M) — -
~~— E (3) + -~~- H~ (M) ) ~~ E

1 (31)
r~ -e — r~ —e — 

~ — =d — tan ~ ~~
- ane e e e e

—--5-

- 

-fl x (H;(J) + -~~~~ E (M) + $ff~ (J) + -~1 ~~ (M) ) = ~ x H
1 

(32)

S 
~e

where E denotes the operator which gives the electric field due to an

S electric current. The subscript e or d on E denotes radiation in either

Ue~ 
C
e 

Ot UdP td~ 
The superscript + or — , if present on ~~~, denotes f ield

evaluation either just outside S or just inside S. The if ’s in (31) and

(32) are the corresponding magnetic field due to electric current ope~ators.

We stress that all E’s and H ’s in (31) and (32) aie, by definition, o erators
which give electric and magnetic fields due to el€ ctric currents, eve though

these operators act on both electric and magnetic currents 3 and M in (31)

and (32).
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Let

00

= ~ (1t Jt + ~+ ) (33)
— nj ~nj nj .~njfl~~~~~ j”l

00 N
M = ~ (V t jt + V~ J~ ) (34)
— e n-00 ~~~~~ 

nj —nj nj —nj

where I , I~ , V , and V~ are coe ficients to be determine I and
nj iij nj nj

= 
~~~~~~~~~~~

= 
~~f~ (t)ei~~ ( 36)

S In (35) and (36) , t is the arc length along the generating curve of the body

body of revolution and ~ is the longitudinal angle. u
~ 
and are unit

vectors in the t and ifi directions respectively such that u
~ 

X = n ar J

S f~(t) is the scalar function of t defined on page 10 of [9]. The body of

revolution and coordinate system are shown in Fig. 6. Substitution oi

(33) and (34) into (31) and (32) yields

n=- j=l { 
(~~

(
~~

) + 
~~~~~j~~tan 

~~~ + (
~~
(:!~j

) + 
~~~~~ j~~tan 

~~~ +

~
e ~~ - ...A d~~~i~ ) It + (_  ~~~~ - ~ ~ ‘ 

(~~j
) ~ ~ 

1. = ~~~
~~e 

~d 
tan nj 11

e ‘1 e 11d 
tan r j  J fl e

t5hl

(37)

-n 
~~ 
{ 
~~ ~~~~ 

+ ~~ ~ d 
(i

~
)
) v~ + ~~

e ~~ + ~~~~ ~~~ ) v +
n— 00 j l  ~e ~d ~d 

~~ ~e ~d ~d

S (~~(~~~
) + B~~ (J t~))1t

~ + (
~!;(~~

) + 8~~(J~~) )t
(h)
~ } ~ 

X H
1 (38)

Define the inner product of two vector functions on S to be the

tntegral over S of the dot product of these two vector functions. Because

the field operators in (37 and (38) are the same as those considered in [9],
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ri ~T ~~~~~~~~~~~~~~~~~ _ _ _ _ _ _ _  

-

only the nth term of the sum (37) or (38) contributes to the inne product

of (37) or (38) with either or 
~ ~ni~ 

Hence, the inner produ -t of (37)

with 1—1,2,.. .N, and J~~~, i—l ,.~,. . .N, successively and th inner pro—

S duct of (38) with ~~~~ i—l,2,...N, and .J~~ ., i=l,2,...N, successively gives
S the matrix equation

- 

(y+t + ~y~
t
) (Y~~ + 

) (zt t  + ~~~ Z~~) (zt$ + ~ 4 ~~ 
•

t
_

ne nd ne nd ne 
~e 

mid ne 
~e 

nd n n

(_Y t t  
— aft ) ~_YI* — ~yt~ ) (Z$t + ~~~ Z~~) (Z~~ + ~~ Z~~) ~~ne nd ne nd ne 11e nd ne 

~ 
nd mm n

(z~
t 
+ ~~~ Z~~) (Z~~ + —s- Z~~) (ytt + 6ytt) (y t4r + 8y

t11) ~~ T~t

- 
ne 

~d 
nd ne rid nd ne nd ne nd n n

(..zt t  
— ~~ Z

tt) (_Zt~ — __..~~~ z~~) (Yet + ~y
4(t) (Y~ + $~~~~)ne r~ nd ne n nd n e nd ne nd mm i n

L
(39’

S for n = 0, +1, +2 In (39) , 
~~~~~~, ~~~~~~, ~~~~~~, and are co] tnn~

vectors of :he coefficien s appearing In (33) and (34). Also ,

(~~~~~~ S
) ij 

= — 

~~ni 
~ X ~f(~flj

)d s (40)

S (Z1).j = — 

~~ f5f L..ni E f (J )ds (41)

L 
~f J~ . da (42)ni T)~ j j  ——ni —

= If ~P . 
~ x H~ ds (43)

ni jj —-ni — —
S

where p may be either t or •, q may be either t or $, and f may be
either e or d. If p—q in (40), it matters whether the magnetic field

S ~~~ is evaluated just outside or just inside S. The ~‘s without
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S 

carets in (39) are given by the right—hand side of (40) in which the mag-

netic field is evaluated just inside S. The Y’s with carets in (39) are

given by the right—hand side of (40) with magnetic field evaluation just

outside S.

The Y and Z submnatrices on the left—hand side of (39) are the same

as in equation (88) on page 24 of [9] with the reservations that the caret

on Y denotes magnetic field evaluation just outsith 5, and the extra sub-

script e or d denotes radiation in either p ,  Ce 
0 1’d’ 

1
d 

The I colun,

vectors on the right—hand side of (39) are the samt as It; equation (88)

on page 24 of (9] whereas the V column vectors in t39) are the same as mu.

V’s without carets in equation (88) on page 24 of 9].

The solution ~~~~~ , ~~~~~~, ~~ and to the matrix equation (39) det rmines

the equivalent electric and magnetic currents and H according to (3? and S

(34). From Fig. 2, these currents radiate in 1
e’ ~e 

to produce the s ittered S

S field outside S. S

S IV. FAR FIELD MEASUREMENT AND PLANE WAVE EXCITATION

In this section, meas irement vectors are used to obtain the far field

of the equivalent surface cu -rents 3 and M radIating in U ,  Ce~ 
Th a far

field is the far field scattered by the homogeneous body of revolut on. For

plane wave excitation, the composite vector on the right—hand side )f (39)

is expressed in terms of these measurement vectors.

By reciprocity,

S ~ if (
~

(
~

) . E(U ) — . H(Ii ) )ds  (44)

where E5 Is the far electric field due to 3 and M, IL is a receiving elec-

tric dipole at the far field measurement point, E(IL
r) is the electric fiel I

due to 
~~r’ 

and 11(U ) Is the magnetic field due to I~~ . Both E(ILr
) and S

H(It ) are evaluated at point r on S where r is the point at which the dif
S 

ferential portion of surface da is located. If is tangent to the radia ion
sphere,
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Fig. 6. Body of re’;olution and coordinate syste rm .
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Fi g. 7. Plane wave scatt erIng by a dielectric body of
revolution.
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_jkr
r —jk ~~r 

S

E(IL ) —j kn e IL e (45)
—. —r 4irr

r

— 

_ ik rr —jk ~ r
H(IL ) = ~ 

e (k X ~~ )e ~~ (46’— —r 4iir .—r —rr

where rr is the distance between the measurement point and the origin in S

the vicinity of S. Also , kr is the propagation vector of the plane wave S

coming from 1-&r’ k is the propagation constant and ri is the intrinsic
impedance of the medium outsi le S. To simplify the notation in this se —

tion, we have omitted the subscript e from all parameters dependent on ~he S

medium. It is understood that all far field measurement vectors and plane S

wave exc itation vectors depend only on the external medium 1
~e’ 

E
e~

Substitution of (33) , (34) , (45), and (46) into (44) gives

_ikr r 00 jn~
~ (kt~ t + ã ~~ fl ÷ eft ÷~ lfle~ ) r (470 4nr r a n  a a n n n nr n -~

for D = u r and—r —O - 

S

—j kr
= 

—jjme r 
~ (~~

t0~ t — ~flO~*fl + + ~~tt
~T45e

r (48)S 4,rr t i n  n n  n a n n
S r n - ~

for 12. = 
r where ur and ur are unit vectors in the 0 and 4 direct one—r -=4 -‘-6 r r

respectively . As shown in Fig. 7, 0r and 4
~~
. are the angular coordin;;tes of

the receiver location at which l&r is placed. In (47) and (48), E md
are the 0

r 
and 4r components of E

6. Also, ~~~~~~, ~~~~~~, t~, and are c lumn
vectors of the coefficients appearing in (33) and (34) . Furthermo’ e, ~pq -s
a row vector whose jth eLement is given by

—jn~ ,~
. —j k r

R~~~ .ke 
r 

~ 
~~~~~~~~~ 

—r ds (S
f9 )

where p may be either t or 4 and q may be either e or 4 .  In view of ( 35)
and (36), (49) is the same as equation (92) on page 26 of [9]. It is

shown in [9] that the right—hand side of (49) does not depend on
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For plane wave incidence and expansion functions J~ and J4 ~iven
~nj -nj

S 
by (35) aid (36) , the equivalent currents (33) and (34) and the fields (47)

S and (48) have special forms . To obtain these forms , assume that the incident
electromagnetic field E1, H~ Is either a 0 polarized field def ined by

I tE = k~~i~~ e (50)

H1 = - k e~~~~ (51)

or a 4 polarized field defined by

—jk - r
E k~~u e  (52)

- 

—jk ~ r
i t __t

H = k~~~ (53)

where is the propagation vector and , as shown in Fig. 7 , u~ and are
unit veci:ors in the 0~ and y directions respectively. Here, 0~ is the

colatitude of the direction from which the incident wave comes . is in

the xz plane. No generality is lost b~ putt ing ~~ in the xz plane because

~ were shifted out of the xz plane by an angle •t~ 
the response would

S also be shifted by the same angle 4~ .

S 

Substituting (50) and (51) into (42) and (43), then substituting (52)

and (53) into (42) and (43) , next taking advantage of the relationships S

J~ x n = J  (54)‘-—ni ~~
- ——ni

.J4 x n =  (55)
—-ni —‘-

which are apparent from (35), (36) and Fig. 6 , then comparing the results
with (49) , and finally using equation (104) on page 29 of [9], we obtain
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- 

~t0
S n n n

-~1r= (56)

n fl fl n

* *S The first superscript on V and :1 in (56) is the superscript which a pears
on the right—hand side of (39). The second superscript on and in (56)

denotes the polarization of the incident plane wave . If this second super-
script is 3, the 0 polarized fieid given by (50) and (51) is Incident If

t his secon subscript is 4 , the ~ polarized field given l y (52) and ( 3 )  is
incident. The jth element of th~ column vector 

1pq on the right—hand side

of (56) is given by (49) with 0
r replaced by 0~ . Conceding that 0

r 
does not

appear explicitly in (49), we really mean that 0
r 
is replaced by 0~ a f te r  the

surface integral in (49) is evaluated. In other words, 9 is replaceu by

in equation (95) on page 27 of (9 ) .

F r plane wave incidence , the +n and —n terms in formulas (33) and
(34) for the equivalent currents can be combined as follows. Acco’ding to

equations (102) and (103) of ( 9 ] ,  the Y and Z submat rices in (39) ~re either

S even or odd in n. The even—odd properties in n of the submatrice~ of the

squa re matr ix  on the left—han d side of (39) are tabulated as

.

- + + -

+ - - +

- + + -
-

-~here + denotes an even subinatrix and — denotes an odd submat rix. It
ollows that the subma t ices of the Inverse of the square matrix o~i the

i e f t — h and side of (39 ) h ave even—odd properties in a given by

18
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~‘1

— + - +

E

‘From (56) and the even—odd properties of ~~~q given by equation (104) on
page 29 of [9], the column vectors and I on the right—h and side of

(39) are either even or odd in a. The even—odd properties of the sub—

matrices on the left—hand side of (56) are tabulated as

I
N -

+ -
-

- +

+

- +

Because of the above even—odd properties of the square matrix on the left—

hand side of (39) and the column vector on the right—hand side of (39),

the solutions to (39) satisfy

S 

~te ~t4 ~t0 ~t4
—n —a n n

S ~$0 ~~~44 i  ~
,O

—n —n n n
S = (57)

tto tt$ -
~t0

—n —n n a

—a —n n n

The first superscript on the column vectors and In (57) is that

which appears on the column vectors 
~ 

and ~~~on the lef t—hand side of
(39). The second super~;cript on the column ‘/ectors in ~~7) denotes el -her

S the 0 or the 4 polarized incident plane wave . Substitution of (57), (5),

and (36) into (33) and (34) yields
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____ S

S (~?~)u + 
n l  

2(~ttO)~~ co~s(n4) + 2j(~T~
0
)~~~ in(n4) (58)

1 
M0 = (~~~~~~~~~~ )~~~~~ + 

n~l 
2j(~~~

0)u sin(n4) + 2(~~~~ )~~~cos (n4)

for the 0 polarized incident wave and

= + 
n l  

2j(ftt4)u sin(n4) + 2~~t~~),~~cos(n4) (60)

-
~~

- 

~~ = (~~
t4)u + 

n~1 
2(~~~~) ~ cos(n4) + 2j(~~

’
~
4)~~sin(n4) (61

for the 4 polarized incident -iave. In (58)—(61), f is a row vector of

the f .( t ) . The superscript 0 or 4 on J or H in (58)—(6 1 ) differentiates
the equivalent currents for the 0 polarized incident wave from those fo

S the 4 polarized incident wave.

The far scattered field ; (47) and (48) are specialized to the

S polarized incident plane wave -y appending the additional subscript 0 to

E
5 
on the left—hand sides of (-7) and (48) and the additional superscript

0 to ~~~~~ , ~~~ ~~, and on the right—hand sides of (47) and (48). More-

over, in view of equation (104) on page 29 of [9] and (57) , the +n and —n

terms in (47) and (48) can be combined . As a result, (47) and (48) become
S 

-jkr

E
8 

= 
—jr1e 

r 
~~~~ + RtO~ tO+ 2 ~ (f~t4~ tO~ ~44~40 +

00 4~tr o o a o a n a nr n 1

+ ~t~ + ~~0t~
0
)cos(n4 )~ (62)

- -jkr

E8 = ~e 
r 

~ ( j ~t6~t0 ~49~40 + ~t4tt9 +40 2~tr n n n a n nr n=l

+ M’t’~°) s fn(n4 ) (63)

for the U polarized incident plane wave. Similarly, (47) and (48)

become
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—j kr
S 

- 
5 ne + + + ~P0t’1~

4)sin(n4 ) (64)
S r n=l

—j kr
S 

E
4 

= 

~~~irr 

r 

~ 

0 4  + + 2 
n 1  

— +

+ Tt~~~ + ~~
4’t’

~~)cos(n4 )} (65)

fo r the 4 polarized incident plan - wave . The first subscript on E8 on S

the left—hand sides of (62) — (65)  denotes the receiver polarization and

the second subscript on ES denotes the transmitter polarlz ition .

Th;~ scattering cross section c is defined by

2 s 2
4~cr E

= ~~~~~~~~~ (66)
pq Ei12

where p is e ther 0 or 4 and q is either 0 or 4. In (66), E
S is a coin—

-5- pq
ponetit of th~. scattered field given by (62)—( 5) and ~E Is the magnitude

of the electric field of the inci lent plane wave. According to (50) and (52),

= kn (67)

for both polarizations so that

2~ s 2
4iTr 1E

°pq 
= (68)

Normalized versions of (68) are

2 s 2a 4 r E
..2~.. 

r p g
2 2 2 2

k a~~

• I 2 s  2a r I E Jr pg
2 2 (70)

A li t)

where a is some characteristic length associated with the scatterer and A is

the wave length in the external medium .
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V. EXAMPLES

A computer )rogram has been written to calculate the equivalent

cur rents and scattering patterns for a dielectric body of revolution tx—

cited by an axially incident plan€ wave . This progra m is described a;td
S listed in Part Two. Some computat ional results obtained with this program

are given in this section.

Figures 8 and 9 show the m~gnitude and phase of the normalized

equivalent curre nts j-j-~
- j~

-
~ ~~~~~ and j~

-
~ 

on the surface of a dielectric

sphere for which ka 3 and c = 4. Here, k is the propagation const~ n
S in free space, a is the radius of the sphere and £ is the relative

dielectric constant of the sphere . Figure 8 represents our solution o the

PMCHW formulation. Figure 9 depicts our solution of the Muller formulation.

In Figs. 8 and 9, the incident field is a plane wave traveling in

the positive z direction. THETA = 0° is the forward scattering direction

ai’id THETA = 180° is the backscatte fag direction. The incident field is

given by (50) and (5i) with = 180 ° . The origin r 0 is at the center

of the sp here . In F gs. 8 and 9 , J 0 is the = — component of electric

current (58) versus in the 4 = 0 plane, J
4 

is the component o (58)

versus 0 in the 4 = 90° p lane , M9 is the u 0 = — 
~~ component of ma netic

current (59) versus 0 in the 4 90° plane, and M~ is the component of

(59) versus 0 in the 4 = 0° plane. For axial incidence, only the n 1  term

is present in (58) and (59). The symbols x and + denote respectively

magnitude and phase of the method of moments solution for the pertinent

component of the electric or magnetic current. The solid curves re the

exact equivalent currents obtained from the Mie series -olution (Ill. The

normaliz ing constants E and H are defined in terms of the incident fieldx y
(50) and (51) by

E u • E 1 = — k rix ~x — r 0
(71)

H = u  •H 1
y .‘-y r-0

[11] R. F. Harrington , Time—Harmonic Electromagnetic Fields, McGrfw—Hill
S Book Co., 1961. Section 6—9.
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where k and n are respectively the )ropagation constant of free space and
the impedance of free space .

The currents of Figs . 8 and 9 were obtainei by using a 20 poInt

Gaussian quadrature formula for all integrations in 4,. All int egrat  inns
over the functions {f ~~( t ) }  in t a(~t—0 ) were done by sampling each

f~ ( t )  four times. The f~~(t) ) consisted of 14 overlapping t r i ang le
(divided by the cylindri cal coordinate radius) functions eque Ily spaced

in 0. More precisely ,

NP = 31

NPHI = 20 (72)

M T =  2

where the above variables are input data for the compute r prog ram described

and listed in Part Two, Section V.

F gures 10 and 11 show the scattering patterns radiated by the cur-
rents of FIgs. 8 and 9 respectively. The symbols x and + denote

—.
~f 

and —
~~~~

- respectively. The solid curves are the exact patterns obtained

from the Mie series solution [11]. The patterns °00 and o~~ are given by
(69), (62) and (63). Here ~~~ is the 0 polarized pattern versus 0r in the

4’ 0 plane and c~~ is the 4’ polarized pattern versus 0 in the 4’ = 90°

p lane . The THETA in Figs . 10 and 11 refers to 0r~ 
For axia] incidence ,

only the n l  terms are present in (62) and (63). Elsewhere [3, 12], the

pattern 099 is called the horL:ontal polarization because it is polarized
parallel to the scattering plane . Similarly, the pattern ~~~ is called the
vertical polarization because it is polarized perpendicular to the scatter—

S 
ing plane.

Figures 12—17 show the scattering patterns for three other di electric
spheres. Figures 12 and 13 are for relative dielectric constant C

r 
= 1 1 ,

Figs. 14 and 15 for C
r 

= 10., and Fig;. 16 and 17 for C
r 

20. All other

[12] P. Barber and C. Yeh, “Scattering of Electromagnetic Waves by
S Arbitrarily Shaped Dielectric Bodies,” Applied Optics, vol. 14, No- 12,

Decenther 1975, pp. 2864—2E72.
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Fig. 10. Plane wave scattering patterns for dielectric spher , ka — 3, i~~ 4, Pt’fCHW

solution . Symbols and + denote horizontal  polar I~Sat ion  and ye ~ica 1 po lari—
~at ion respectively. Solid line denotes exact solu ion . 
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Fig. 11. Plane wave scattering patterns for dielect Ic spi ere, ~ = 3, ~ 4,

~huller solution.Symbols - ai~d + denote hori iontal polac izatlon ~ndvertical polarization respectively. Solid line denotes exact solution .
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ver t i cal p o l a r i z a ti on  r~~p Ltively. Solid Une denuteb exact solution .
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Fi g. 13. Plane wave scattering patterns for dielectric sphere , ka r 
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Muller solution . Symbols x and + denote horizontal  pola r i zat inn  and
S 

vertical polarization espt~~tfvely. Solid line denotes exact ~4o ]ui ‘n.
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Fig. 14. Plane wave scattering patterns for dielectric sphe e, ka = ~~‘ i ‘ ‘

PMCHW solution . Symbols - and + denote horizontal polarization and
vertical polarIzatiot~ respectively. Solid line denotes exact solution .
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Muller solution . Symi ols x and + denote horizontal polariza ion and
vertical polarization & especti~e1y . Solid line denotes exac solution .
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Fig. 18. Plane wave scattering patterns for finite dielectric cyl ider of radius a

and height 2a. a 0.25 free space wavelengths, ‘ r 
= ~ PMCHW solution .

Symbols - and + denote horizontal polarization and vertical po1ari~ationrespective ly .
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parameters in Figs. 12—17 are the same as in Figs. 10 and 11. In Figs . 12

and 13, values less than 0.0001 are plotted at 0.0001.

Figures 18 and 19 show the computed scattering patterns of a finite S

dielectric cylinder of radius a and height 2a when a is 0.25 free space
S wavelengths. The relative dielectric constant of the cylinder is ‘ r

The incident field is a plane wave traveling in the positive z dire tion, S

the same field which was incident upon the previous dielectri c spheres.

S Figure 18 shows —s- and —.

~
‘f as obtained from our solution 01 the PMCHW

formulation. FIgure 19 shows —~~~~~ and —~
‘f as obtained from our solution

5 
- 

-5 of the MUller formulation . The patte rns —
~~~~~

- and —~f 
are plotted with the

S symbols x and + respectively .

S 
The equivalent currents which radiate the patterrs of Figs. 18 and 19

were obtained by using a 48 point Gaussian quadrature formula for all inte—

grations in 4>. All integrations in t over the functions {f~(t)} were done by

S sampling each f~ (t)  four tinies . The {f ~(t)} consisted of 11 overlapping
triangle (divided by the cylLndrical coordinate radius) functions equally

spaced in t . More precisely ,

NP = 25

S NPHI = 48 (73)

MT= 2

S where the above variables are input data for the computer progr~~ described

and listed in Par t Two , Section V.

VI. DISCUSSION

According to Figs . 12 and 13, the scattering patterns obtained from
S our solution of the MUller formulation are more accurate that those ob—

S 

tam ed from our solution of the PMCHW formulation for the dli lectric sphere
S with ka = 3 and c 1.1. From plots not included in this r port , we ob-

served that both our PMCHW solution and our MUller solution for the equivalent

36

S 
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~ 



currents on the dielectric spl ere were reasonably accurate. However, he

following argument shows that when r is near one, a slight inaccurac~ in

the equivalent currents could affect the scattering patterns drastically.

As s approaches one, the equivalent electric and magnetic currentsr

~tpproach n 
x H and E x n respectively whereas the scatterning patterns

approach zero. This means that the equivalent electric and magnetic

currents produce fields which nearly cancel each other. Hence, a slight

inaccuracy in the equivalent currents coul cause a large pet centage

inaccuracy in the scattering patterns .

We believe that our Muller solution is more acc irate than our

PMCHW solution whe :iever C is close io one. When a and B are given by
- 

- 

(22) and (23) as in the Mu ller formulation , the left—hand sides of (9)

and (10) approach —M and J respective .y as Cr app roaches one. In this
case , the expected solution

— 

j = f l x H
i

-

can b~- obtained by inspection of (9) and (10). Howeve r , if a = B =

as in the P’ICHW formulation, the solution to (9) and (10 is not obvious

when C = 1 because the field operators on the left—han I sides of (9)

and (10) are not diagonal. With our MUller solution, ti matrix on the

l e f t— han d side of (39) would become tridiagonal for  E r 
- 1 if its first

two rows of submatrices were interch anged. W~th our PM 11W solutiDn , no

such simplification of ths matrix is possib1~ for C
r 

=

S We recommend at least 10 expansion furctions per wavelength per

- S 
— 

component along the generating curve of the dielectric body of revolution .

S For example, if the generat i ng curve were one wavelength long, the order

of the square matrix on the left—hand side of (39) should be at least 36.

The number 36 is arrived at as follows. There should be at least 9 expan—
- sion funct ions per component of current. We say 9 expansion functions

S rather than 10 because we are using overlapping triangle functioni with no
peak of triangle function at either ends of the generating curve. There

S are two components of electric current and two components of magnetic

current.
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According to equations (20)—(2 3) of [9] and (58)—(6 1) of [91 , each
element of the square matrix in (39) is a triple integral consist1~ g of

one integration with respect to 4> and two integrations with respect to t.

The 4> integral is evaluated by using a Gaussian quadrature formula. Each

t integration is done by crude sampling akin to the trapezoid rule. In

any case, there should be at least 10 sannle points per wavelength in the

media in question. For instance, if p is the largest cylindrical

coordinate radius of the dielectric body of revolution and t is the
max

S length of the generating curve, t ien

lOt
N~~ > A 

(‘4)
S lOrp

NPHI > max

S 
where NP and NPHI are input arguments of the subroutine YZ described -tad

listed in Part Two , Section II and A is the wavelength in the media a

question. If f = e in (40)— 41) then A is the wa selength in the ext ~rnal
media, but if f = d in (40)—(>l) then A is the wavelength inside th~ dif-

fracting body of revolution. The main program in Part Iwo, Section V is

oversimplified in that it uses the same values of NP and NPHI for both
S 

- 
f e a n d f = d .

Loss of accuracy in the computed patterns of Figs. 16 and 17 may

be due to the fact that (74) was violated . According to (74) , the values

of NP and NPHI for f = d should be nearly 70 or greacer instea of the low

values appearing in ( 7 2 ) .  Unfortunately , incre asing the values of the
variables NP and NPHI increases the computer time required to solve the

problem.

We have been trying to obtain accurate numerical results for the
S dielectric sphere for which a = 0.2 free space wavelengths and E

r 
= 80.

from our g -neral dielectric body of revolution program. We have n t  been

able to obtain clear—cut convergence with respect to the variables on the

left—hand sides of (72) because we could not afford to increase them as

much as desired . Our PMCHW sol ution and our Muller solution for the

equivalent currents and scatter Ing patterns differ from each other and

from the exact solution.
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For the sphere, each element of the quare matrix on the left--hand

side of (39) can be written as a sum wer the infinite set of spherical
modes. So far, we have not be~n able to successfully implement thi altet -

nate evaluation of the matrix element s in terms of spherical modes . The
major difficulty seems to be lack of agreement of a few matr x elements for

which both expansion and t€sting fun tions are near one of tie poles of the

sphere.

Both the PMCHW solution and the MUller s3lution are ~btained by taking

a linear combination of (5) and (7) and a linear combinatio i of (6) and (8

There are two other possibilities which are

(1) A linear combinat ion of (5) and (6) and a linear combi-

nation of (7) an (8).

(2) A linear combination of (5) and (8) and a linear combi-

nation of (6) and (7).

These other two possibilities give rise to alternative numerical solutio~ s

which may compare favorably with the PMCHW solution and the Mu ller solu ion.
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APPENDIX A

- 
THE EQUIVALENCE P RINCIPLE

Let B , H be an electromagnetic f eld defined outside a closed S

~e -e
surface S. The permt-ability, permi’-tivit), and electric and magnetic
source currents outside S are 

~e’ r , ~~~~~~, and ~~ respectively. Thi

outside situation where the subscrij t e St ands for “exterior mediut

is shown in Fig. A—i. En Fig. A—l, the media and sources inside S are
undisclose,. Let 

~d’ 
~~ be an elect romagnetic field defined insid-~ S

where the p >rmeability, permittivity. and electric and m ignetic sources
are 

~d
’ ed~ ~~~ 

and ~~ respectively . This i nside situation where the

subscript d stands for “diffracting im dium” is shown in Fig. A—2 . In

Fig. A—2 , the media and sources outsice S are undisclosed. The equi — S

valence principle states that the solution to the composite radiation

problem consisting of medium p , r and sources J , M outside S mediume e ~~~>

p .  C
d 

and sources 
~ d’ ~~ inside 5, axu electric and magnetic surface

S 

- 

currents ~j , 14 on S given by

J n x (l i  — H )  (A—i)
— 

~e ~d

M =  (E — E  ) X~~~ (A—2)
S -‘e ~~ —

where n is the exterior unit normal vector on S is the composite elec-

tromagnetic field E, H defined by

E , H = E , H outside ; (A—3)
- — —e —e

E, H = E , H inside :; (A--4)—d ~-d

The composite radiation problem is sh wri in Fig. ~—3 which is entitled

composit~ situation.

The equivalence princip le is proved t y  showing that Lhe eoDfigu—

ration of media and sources in Fig. A—3 gi~es rise to the composit e field
E, H defined by (A—3) and (A—4) . Now, E , H will b - - the field geni rated
by the media and sources of Fig. A—3 if E, H satisfies Maxwell’s i q uations

with sourct terme included and the radiat on condit:ion at infinity . E, H

satisfies Maxwell’s equations outside S and inside S because ~~~~~~~, ~~~~~ and

40
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Fig. A—3. ‘~omposite Situation.
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1

~~ satisfy Maxwell’s equations ou :side S and inside 1~ respectively.

E, H also satisfies the radiation con lition at infinity because E , II
— *.e —e

satisfies the radi~ition condition at infinity. It remains to be shown

that Maxwell’s equations for E, H exhibit the surface current sources

J and 14 given by (A—i) and (A—2) .

It is well known that a surf .tce current source on S gives rise o

a discontinuity across S of tie tangential component of the field. Tht~
prect ding statement is easily verified by means of an argument based in

the i-itegral forms of 1 axwell’s equrtions . Now, this sam - argument ( in

be co istrued to imply t~ at a discontinuity across S of thc tangentia

compo tent of the field gives rise to a surface current source on S.

Hence Maxwell ’s equation~; for E , H exh ibit the elect ric and magneti-

surface current sources J and M o n  S given by (A—i) and (A—2) . The ce—

fore, E, H is the solution to the couposite radiation problem shown in

Fig. A—3 because H, H satisfies Maxw ~ll ’s equations with sources and the S

S radiation condition at inf in i ty .
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APPENDIX B

PROOF THAT THE SOLUTION TO E(UATIONS (5)—(8) IS UNIQUE

The solution ~~~, ~ to (5)- (8) wi ll be unique if the associat d set

of homogeneous equations S

— n x  = 0 (B—i)

—n x H O (B—2) 
S

S 

— n X E~~~~~O (B—3) S

—n x H ~~~~O (B—4)
— -~d S

has only the trivial solution J = H = 0.

From (B—i) and (B—2), J, H radiate in p ,  e to produce a field 
S

whose tangential components are zero just inside S. Hence, according

to the rei ttion between .1, H and the discontinuity of tangential field

across S a~ exemplified by (A—i) and (A—2), the field E , H radiated by S

.3, 14 in p , £ outside S satisfies
— — e e

n X H  J (B—5)
— -e -‘-

E x n M  (B—6) S

-e - — S

just outside S. See Fig. B—i.

From (B—3) and (B—4) the electric and magnetic currents -J, —M radiate

in 1’d’ 
C
d 

to produce a field whose tangential components are zero just  outside

S. Hence, according to the relation between —3, —14 and the discontinuity of

tangential field across S, the field _E
d~ 

—
~~~~~ radiated by —3, ~~ in p~~, C

d
satisfies

~~ x = J  (B—7)

x n = N (B—8)

just inside S. See Fig. B—2.

S The equivalence principle is used to combine the outside situation

in Fig. 3—1 with the inside situation in Fig. B—2 to obtain the composite

situatioi shown in Fig. B—3. Because of (B—5)—(B-.8), the coap site
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~e
’ Ce

Fig. B—i. Radiation of ,M according to (B—i) and (B—2).

Ii

Zero fiel 
Ti

Fig. B—2. Radiation of —3, —M according to (B—3) and (B—’~).

31

S 
Fig. B— 3. Composite Situation.
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situation in Fig. B—3 is sourc —free. Therefore, the field in Fig. B—3
is zero everywhere. Hence, th~ fields in Figs. B—i and B—2 .tre zero

everywhere which implies that 3 = lj = 0.

S 
Thus , the solution to (5)—(8) is unique because the a~sociat J set

(B—l)— (B—4) of homogeneous equations has only the trivial solution.
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APPEND .X C 
S

MORE EX ~XlPLES

The equ~vaient currents and scattering patterns for the dielectric . 

S

spheres for which c = 4 and ka 4 , 5, and 6 are plotted in Aj pendix C. -

Figures C—i to C—4 are for ka = 4, Figs. C—S to C—8 are for ka = 5, and

Figs. C—9 to C—12 are for ka = ~~. All other parameters are the same as in -

Figs. 8—il in Section V. In pai ticular, the input data for the coinp iter

S program which generated the method of moments results plotted in Figs . C—i
to C—12 is given by (72).

S It is evident from Figs. 8—11 and Figs. C—i to C—12 that the method

of moments solutions for the equivalent currents and scattering patte -ns
are not as accurate at ka = 4, 5, and 6 as at ka — 3. Los of accura y

S 
at the higher values of ka may be due to violation of (73).

/
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5 zation respectively . Solid line denotes exact solution.
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PART TWO S

COMPUTER PROGRA}

I. INTRODUCTION S 
S

The computer program calculates the equivalent electric and magnetic

currents (58) and (59) and the scattering patterns (70) for a loss—free

homogeneous dielectric and/or magnetic material body of revolution immersed

in an axially incident plane wave . This computer progra- t consists of a

- 

main program and the subroutines YZ, PLANE, DECOMP and S )LVE.

Pa~t Two consists of definitions of the input and output for the
- subroutin-~s YZ, PLANE , DECOMP, and SOLVE , listings of these subroutines ,
- definitions of the input and output for the main program , a verbal flow S

/ char ’ of the main program , and a listing of the main program with sample

input and output. The subroutines YZ and PLANE are similar to subrouti ~es

of the same n ame in [10]. The subroutines DECOMP and SOLVE are , -xcept

for dimension statemen ts, exactly the same as in [l3~ . Hence, the insides S

of the subroutines YZ, PLANE , DECOMP, and SOLVE are not described in de :ail

in Part Two. Because these subroutines are quite complicat ed, a black •~ox

S - app roach is suggested wherein the user is concerned with just the input and
S. 

-- output of these subroutines. However, the user is encouraged to delve

S insi de the main program and to make any changes therein that he deems neces-

- 
sary to suit his needs.

II. THE SUBROUTINE YZ

Description:

The subroutine YZ(NN, NP , IC PHI, M, MT, RH, ZH, X, A, Y, Z) stores the

matrices Y and Z defined by
5 nf nf

t t4
1

n nf
Y f 

(75)
S - 

n 
~~

It) 4t’

fl nf

~~S n f nf
Z 1~~ (76)

nf nf~
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by columns in Y and Z respectively. The subniatrices on the right—hand S

sides of (75) and (76) are given b’ (40) and (41). The fir-;t 9 argu—

ments of YZ are input variab Les. )xcept for the new input variables M

and MT. the subroutine YZ is the same as the old subroutine YZ on pages
17—2 1 of (10]. If M = — 1 and MT = 2 , these subroutines are exactly the

- 
- , same as far as the calculation of Y and Z in terms of the rest of the

S 
- input variables is concerned.

N N = — 1 for field evaluation just inside S and M + 1 for field
evaluation just outside S. M = — 1 if f = e in (75) and M = + 1 if

f d in (75) .  The value of M is not used in calculating (76) because the
S tangential components of the el-3ctric field operator in (41) .re con— -~

tinuous across S. All numerical integrations over t of f~ (t) appearing

in (35) and (36) are done by sampling each f (t) 2*MT times. The rep e—

sentat ions of p f
1
(t) and 

~~~~

- (pf
i(t)) given by (66) and (67) of [9] ar

replaced by representations which contain 2*MT impulse functions ins ead of

4 impulse functions. For instanc., (66) of [9] is replaced by

1 2*MT

~f~ (t )  = 

~ p~~ 
Tp÷( i_ ]) *2*MT t5 ( t tp+(j l)*MT ) .

i=l ,2 , . . .N  where N will be defin Cd in the paragraph which follows the next

paragraph . The T!s appearing in (77) will be defined by (78).

Seven of the input variables are the same as in ‘ne old subrout~ ie

YZ on pages 17—2 1 of (101. These varlal lea are defined in terms of va iables
appea r ing itt [93 by

S N N = n

NP = P , page 9
NPHI = N~ , page 13

RH( i)  = kQ~ , page 9

ZH( i) = ~z1, page 9

X(k) = 

~k’ 
page 13

A(k) = Ak, page 13
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In summary, n denotes the ~~~~ dependence in (35) and (36), (p., z),

i l ,2,.. .P are coordinates on the generating curve, the k w’ ich mul ti— S

plies p
1 
and z

1 is the propagation constant, and ~nd A.K ire thc

abscissas and weights for the N~ point I aussian quadrature integration

in 4. Not e that NP—i should be an in te~ er multiple of MT. If NP—i is
not an integer multiple of MT, the program will ignore RH (m) and ZH(m) S

for

[(NP _l)/MT]*MT+l < m < NP

where [(NP—l) /MT] is the largest integer which does not exceed (NP—1)/MT .

- 
Minimum allocations are given by

COMPLEX y(4*N *N ) , Z(4 *N *N )

S DIMENSION RH(NP), ZH(NP),  X(NPHI),  A(NP HI) , D(N G)
S 

- 
PD(NG) , TP(2*MT*N) , CR(NPHI) , Cl (NPHI), C2(NPHI).

C3(NP}II), C4 (NPHI )
COMMON RS(NG) , zs(NG), SV(NG), CV(N G) ,  T(2*MT*N)

S where

N = f (NP—l) /MT ] — 1

NG = (N÷l *Mr

S 

The variables in common make the results of some intermediate calculations

done in YZ available to the subroutine PLANE described in Section III of
Part Two.

S We mention a few portions of YZ wh ich dif f er from the subroutini

listed on pages 18—21 of [10]. Equation (29) of [9] has been generalized to
S 

T2*MT*(J_l)+I 
= 

~~ 

(~~~ &~~*(J_l~)+~ 
- 

~ 
& *(J_l)+r

)
~~~*(J l)+I 

(7 8)

T
2*MT*J MT+I 

= 

~~~~~~ ~~2 
- 

~~~~~~ 
+ 

~ ~~T*J+I~~~~ *J+I (79)

f or J = l,2,...N and I l,.~,...M ’ where

A
1 

= k 
~ ~ ff*(J_l)+I 

(80)

S = k 
~ 

dNT*J+I (81)
1=1

-
- 
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and th e d’s are given by equation (28) o1 [9]. Note that A 1 is the

electrical length of generating curve over which the first half of

5(t) exists and that  A
2 is the electrical length of gener~ ting curve

over which the second half of 5(t) exists. The generalization of
equation (68) of [9] is

— 

kdNT*(J l)4r (82)2*MT*(J_1)+I A1

T’ 
_kd

MT*J+I (83)
2*MT*J_MT+I A

2

for J = l,2,...N, and I = l ,2 , . . . M T  where A
1 
and A

2 
are given by (80)

and (81). Expressions (‘8) — (83) are calculated in DO loop 68. D(

loop 12 accumul~tes A1 
in DEL. DO loop 19 puts (78) in T(2*MT*(J_1)fI)

and (82) in TP(2*MT*(J—l)+I). DO loop 15 accumulates A2 
in DEL. IX)

loop 16 puts (79) in T(2*MT*J_MT+I) and (83) in TP(2*MT*J_MT+I).

Th? subscripts KT, LT, and Jl ins4de DO loop 32 are obtained as

follows. Since the generating curve c- nsists of NG = (N+l)*M T small
intervals, it is composed of (N+l) large intervals where the mth large

interval consists of the ((m_l)*MT+l)th through the (m*MT)th small

intervals. The index I of DO loop 60 denotes the Ith small interval.

The Ith small interval is contained in the (19+l)th large interval where
19 = [( 1—1) /N T]. The second half cf f

19(t) and the first half of f1,41(t)

are in this large interval. The index K of DO loop 32 denotes 
~19÷~ 1

(t).

Since T((m_l)*2*NT+l) through T(m*2*MT) is allotted to f (t), nrl,2,...,N,

f
m(t) is preceded by (rn—i) overlaps. For each overlap the subscript of T

increases by an amount MT not accounted for by I. Hence, replacir g in by

19+K—l, we arrive at the subscript

KT = I + (T9+K_2)*r.IT

for T. Here , KT is th e field subscript which refers to the tes ing
S function . By analo~y, the source subscript LT which refers to the expan-

sion function is given by

LT = .1 + (.19+L—2) *r.c~’
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Retaining fI9+K_l
(t) as the testing function , we take the ana Logously

subscripted function fJ9+L_l(t) to be the ex-,ansion function and arrive

at the matrix subscript

Ji = (J9+L_2)*N2 + 19+K—1

where , as in the program, N2 = 2*N.

DO loon 17 accumulates in Ri the (ontribution to (y~
t
)~~~ of

equation (31) of [9] due to the 
j~~

-
~~
-——-- term in equation (32) of [9

— 
- i
p
i

This contribution is given by

2 *MT
Ri = 

~~~ 

TI+2*MT*(J l)* TI÷2*MT*(J 1)* PD(
I+’4T*(J_l))

where , as in the program,

PD(i) = — M

Here , the factor —M not included in eeuation (32) of [9] provides fo’

the choice of field evaluation either outside or inside S. S

DO loop 18 accumul ates in Ri the contribution to (Y~t)~ _1 
~ 
of S

equation (31) of [9] due to the 
k2d 

term in equat ion (3~~ of [9].
i
p
i

This contribution is given by

Rl = ~~ 
TI+,*MT*(J 1)~MT 

TI+2*MT*(J l)* PD(I+NT*(
J_l)).

LI~~T1NG CF It-h E SUb RO UTINE Y7

SUB (JUT INE ‘YZ(NN,NP, NPHI ,M,MT,RH,ZH,X,A,Y,fl
CCM~ LEX U,Y (784),Z(784),G1,(.,2,G3,G4,b5,G6,Y1,V2,Y3,Y4,Zl,Z2,Z3,Z4
DIME NSION I-th (161),ZH (161),X(48),A (48),D([60) ,PO(1~ O),TP (E2O)
DIMENSIO~i CR148) ,C1(48),C2(48) ,C3(48) ,C4(48)
Ct1MMIN RS(160) ,ZS(160) ,SV(160) ,CV (160),T(320 )

5 5 P1=3.1 41593
NM=—M*PI
N=(NP— 1)/MT—l
N2=2*N
NG= IN +l )*MT
NGM= NG—MT

S I~T2=MT*2
S DC 57 I=L,NG

63
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12=1+1
DR PH (12)—RH(I)
DZ=Z h-I( 12 )—ZH( I)
D( I) =sQp .T(DR*OP+DZ*DZ)
RS (I)5 .5* (RH(12)+RI-h(I ))
ZS(I).5* (Zh (12)+ZH(11)
SV (I )=DR/D(1)
CV II ) DZ/D( I)
Pf’( I )=PIPt/(D ( 1 ) * RS( I)

77 C (NT 1NUE
‘j1=O
J5=O
DC 68 J=1,N
DEL=O.
DO 12 I~~I,MT

S J~~ J~ +~
DEL-~DEL+D (J1)

12 CON r 1NUE
J1=J i—MT
SN= I.

S ~~ ~9 I=1 ,MT -

J5 .154 1
S. - 

J1=~ 1+1
SN=~~N+D (J1

)
TP (J5)=fl(Jl)/UFL

S 1(J5)= (S~— .5*D(J1))*TP(J5)
19 CONTINUE

DEL= 0.
DC 15 I=1 , MT

--S. 
J1=J1+1
CEL=DEL +DIJ1.)

15 CONTINUE
J1=J 1—MT
SN =fl EL
00 16 I=1,MT
J5=J 5+1
J1=J 1+1
St’= SN—D (J1)
TP (J5 )=—D ( J1)/PEL
T (J5 )=—( SN+ .5*D (JL ) ) *~~~(J5

)
16 CCt~TINUF

Ji =J 1—rl l
68 C(I’~T 1~~lJ E-

~I2= .~~-P !

00 ‘S K 1,NPHI
PHzP12* (X(K)+1.)
PI-*=Ph*FrS
SN=SIt-.. (.5~~Ph)
CRlhc )=4.*SN*SI’4
Ri:: P 12*A (K)
CS -

~ 1*CUS ( PHN~
CI K)= .5*C R (K)*5~~
C? ~K ) ((iS (PH)*C,
C~~U.)=t—1’~S1N ( Ph )*SIN(PHN )
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C4(K ) C S
25 CCNTINUE

N2N= N2x N
N4N= N2N~ 2
DO 62 J=1,N4N
V (J) =0.
Z I J) =0.

62 tTNTINUF
S 

U= (O.,1.)
DC 59 J=1,NG
FJ=FN/P S(J)
11=1

- - L;=2
Ih (J.L F.MT ) 11=2

S IF(J.(,T ..~ t,M) 12= 1
J9= ( J—1 ) /MT
JTr J+M1* (J9—23

S J5: (J9—2)*N2— 1
SI: 1.
DC ~O 1=1,..)
19 ( 1— 1)/MT
IT=I.rT*( 19— 2)
Jt=19+J5
F1= FN/ I~S (j)F~P= f f (J)—RS (I)
Z P Z S (J)—ZS ( I)

~2 -I ~ P*RP+ZP*ZP
~(I.NE.J) GO 10 41

F-. .0625 *D (J) *) (J)
41 P:=RS (I)*RS (J)

- G1=O.
G2=0.
G3=O .
G4=O.
G5=O.
G~ =O.
00 61 K=-1,NP1-h J
R4=R2+1- 3*CP (K)
R 5 SQF:T (Fi4)
Z1=S1/P 5* (C [S(R5)—U*SI r1 (R5))
Y1=Z 1’~( i.+U:R5)/R4
G1= LI (K ) *V1 4G1
(,2=C2(K)~ Yi~~G2
G3=C 3( K)*Y14G3
G4=C4 (K)*Z 1-.G4
G5 (-2 (K )*Z1+G5
G6=C3 (K)*Z1+~,6

61 C0NT U~:UE
G3=U~’C-3
Y1= (RP*CV (J)—ZP*S’ (J))*G2—RS (I)*CV (J)*G1
v2= (Rs (J)*;v (I)*C- 1J)—RS (II*SV (J)*CV (I)—ZP*SV I)*SV (J))*G3
V ~ = Z P* ~ 3V4= (R P*CV II )—ZP*SV (I))*G2+RS (J)*CV (.I)*G1
Z1=~.J*( SV (1 )*SV (J)~~G5+C V (I)*CV (J)*G4)
G 1=— U* G 4
Z2=— SV ( J)*G6
G 2 —  F 1*04
Z3=SV ( I )*G6
G3 FJ’~G4 65
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Z4 U*( 4,5—F I*G3)
K 1 1
K 2 2
IF(I.LE.MT) K 1 2
IF (I.GT.NGM) K 2 1
DC 31 L L1,L2
1T=JT+M1 *L
J7=J6+L*N2
00 32 K KI,K2
KT= I T+MT*K
TT=T(LTI*T( hcl)
J1 J7+K
J2=J1+N
J3=J 1+ N2N
J4 J3+N
V (J1)=TT*V1+Y ~~J1)V (J2)=TT*Y2+Y(J2)
V (J3 )=TT*V3+V(J3)
V (J4)= TT*Y4+V ( J4)

5 

Z(J1)=TT*Z1+TP (LT)*TP( ~TJ*G1+Z (J1j
Z (J2 )=TT*22+TP( LT) *1 (K 1) *G2+Z(J2)
Z(J~~)=TT*Z3+TP(KT)*T (LT)*G3+Z(J3)
Z(J4)=T1*Z4+Z(J4)

32 CONTINUE
31 C O N T I N U E
60 CONTINUE
59 CONTINUE

N2P= N2+1
KDI=1
J 1=0
J5=O

~
)(

~ 
1~ ,J =1,N

R1=O.
00 17 1=1,MT2
J1=J l+1
J5=J5+1
P 1=F 1+11 Ji ) *11 Ji )*PD (J5)

17 CUNTP4UE
J1=J i—MT2
J5=J 5—MT2
K02=KD 1+N

S KD3=KD1+N2 ’4
S Kfl4=tcD3+N
S 

G1=V (KD1)—~’(KD4)
S V (KD1 )=F- 1+~,1V ( K02h-O .

VI KD3) =0.

Z(KD 13=Z (KD1)+Z (KDl)
Z(KD2)=Z (KD2)—Z (KD3)

S Z~ KP”)=—Z (KD2)Z(K[4)=Z(x04)+Z(KD4)
IF (J— 1) 26,27-26

21 JI J1+M12
J5~~J 5+MT
GO T O 22

26 KU 1 K D1—1
KU 2Z K P2—1
~~~~~~~~~~

S 
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KU4 K04— 1
KL1 KCiI—N2
KL2K 02—N2
KL~ = KD3—N2
KL ‘s 1(0 4—1 2
R1 0.
DO 18 I=1,MT
Ji :J1+1
J5=J5 +i
R 1 F ~ 1+T (J1)*T (J1—MT )*PD(J5)

18 CONTINUE
Ji=J i+MT
G1=V (KU1 )—V ( KL4)
G 2 V  (KU43—Y(KL1)
V (KUI) =R1+t 1
V (KU2) =V (KU2)— ’Y(KL2)
V (KU3)=Y (VU3)—Y(KL3)
V (KUA )=P1+G2
‘v (KL1) R1—G2
V (PL2)=—Y (K12)
Y (K13)=—V(KU3 )
Y( KL4)=P 1—Cl
Z(KU1)=Z (KUI)+Z (KLI)
Z (KU2)=i (KU2)—Z (KL3)
Z(I03)=Z (KU3)—Z (Kt2)
ill 1J4 )=Z ( lc JA )+Z ( KL4)
Z (KL 1) =Z (KU1)
Z(K12)—Z(K1i3)
Z(KL3)=—Z (KU2 )
Z(l~14) Z(KU4)

22 KD1=KD I+N2P
ii. CONT INUE

IF (N.LT.3) RETURN
J2 N2
DC 13 I=3,N
J2 J2+ N2
J1= I—2
1 (11=1
DO 1-4 J=1,J1
KUI J2+J
K02 KU 1+N
K U 3 KU 1 + 142 N
KU4 KU3 +14
KL2 K1 1+1’
KL3 KL1+N21
K14 KL3+N
Y($cL 1)=—V (KU4)
V (KL2)=—VUU2 )
VI 1(13) = — Y  It
V(K14)=—V (l Ui)
Z (hcLI)=Z (Kt . 1)
Z ( K12) =—Z ( Kt J3 )
Z(KL3)=—Z (KU2 )
Z(KL4) Z1KU4 J
KL 1 KL I+N2

i s  CO NTINUE
S 13 CCTh’TINUF

R E T U R N

67

— ‘~~ -  S - -— -- A



III. THE SUBROUTINE “LANE

Description:

The subroutine PLANE(NN, N , MT, NT , THR, R) puts ~~~ of (49) in
R(j + (m_1)*N+(L_l)*4*N) where j=l,2,...N, n~ 1 denotes pq tO , tn’2

denotes pq = i~O, m 3  denotes pq = t4, m=4 denotes pq 44, ~nd L—1,2,. . .NT .

Here, L denotes the Lth value of the receiver angle (‘ . Th.~ first 5

arguments of PLANE are input vari~tbles. Except for the new input variable

NT, the subroutine PLANE is the same as the old subroutine PLANE on pages

22—26 of [101. If MT = 2, these ;ubroutines are exactly the saute as far

as the calculation of R in terms of the rest of the input variables is

concerned.

S The integration of f
3
(t) over t inherent in (49) is approximatE

by sampling f . (t) 2*MT times instead of 4 times. The represen:ation - f

pf .(t) given by (66) of [9] is replaced by (77). NN is the value of

appearing in ~~~ It is required that NN > 0 but this requirement ca ises

no real loss of generality because ~~~~ is either even or odd in n. ~ is- nj
the number of expansion functions lying on the generating curve. S~ ~cif 1—

c ally , N Ls the maximum value of i in (77). THR(L) is the Lth valt’ of

the receiver angle 0
r 
where L 1,!,...NT. The variables ES, ZS, S , CV ,

S and T appearing in the common statement early in the subroutine PLA~E are

input variables calculated by calling the subroutine YZ beforehand . The

calculated values of these variables depend only on the seco-id , f if h ,
S sixth, and seventh arguments (NP, NT , RH, ZR) of YZ.

Minimum allocations are given by

COMPLEX R(4*NT*N)

S DIMENSION ThR(N T) , BJ (M)
COMMON RS(NG), ZS (NG) ,  SV(NG) , CV(NG) ,  T(2*MT*N)

whei e

NC = (N+i)*MT

and M is the largest of the ‘alues of M calculated by PLANE. The sug-

gested allocation BJ(50) will work if the maximum circumference of the

body of revolution is less th an 26 wavelengths. 

~~~~~~~~~ - - 5~~~~~~~~~~~~~~~~~~~~~~~~~~ 



Most of the statements in the subroutine PLANE are the same as

or very similar ~o statements in the old subroutine PLANE listed on

pages 25—26 of [10]. The major difference is in the calculation of
the subscript (IT+MT*K) for T and the subscript Ji for  R. Using
reai )ning similar to that used to obtain the subscrip :s KT and 31 in the

sub i )utine YZ, we arrive at

(IT + MT*K) = I + (19 + K_2) *M ’

Ji = 19 + K—i

where
19 = [(—1)/NT]

The above Jl is valid only for L=I . If L ~ 1, then (L_l)*4*N must

be added to this Jl.

LISTING OF THE SUBROUTINE PLANE

SUFJF~C-UTINE PLANE (NN, N,MT,NT,THR,P)
COMPLEX P (1064),U,U1 ,U2,Ri,R2,R3,R4
DIMrNSIIIN THR (37),B.i(50)
CliMI ON R~~(l6O),ZS(16Q),SV( 14 0),CV (160),T(320

S NG=(N+1)”MT
U= (( .,1.~

S Ui=3.141’93*U**NN

JR = N 4* NT
Di 22 J=1 JF-.
R U )  0.

22 CCNT NuF
J5=— 1
r~n 12 L i ,N T
(.5 CC (THRIL))
SN=2 .’ SIN (THR(L))
00 13 =l,NG
X= .25* S(I)~~SN
1F (X.L~~..5F—7) (.~O TO 1’~
M=2 . 8*x+i3.—2./X
IF (X.LT..5) M=10.8+ALO~ 1O (X)
1F (M.GE.U~N+2)) GO TO 19

18 8Ji 0.
6J2 0.
8 3 =0.
IF (NN.F~~.1) BJ1=1.
IF (NN.FQ.O) BJ2=i.
GO TO~~4

19 BJ (M)= ’
JM~M—1k3J (JM )= 1.
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DO 14 J*3,M 
S

J M= J N—i
BJ(JM) JM/X* BJ(JM.1)— BJ(JM+2 1

14 CONTINUE
S~ o.
DO 15 J=3,M,2
S= S+ B J ( J )

IS CONTINUE 
S

S B J  (1 )+2.*S
BJ2 BJ (NN+1)/S
BJ3 BJ (NN+2)/S
BJ1 —8J3
1F (NN.GT.0) BJ1=BJ(NN) IS

24 APG ZS(1)*CS
U2=Ui* I CCS (ARG)+U*SI NI AR t ))
k4=( E4J3—BJ1)*U*U2
R2=(EiJ3+BJ1)*U2 S

h~1 —8J2*CV ( 1)*SN*U2+CS*SV (1)*R4 S

R3=SV ( 1 )*f~
F-2=—CS*P2
19= ( 1—1)/M T
IT=I +MT* (19—2)
J 7= j 9+J5
K =1
K~~=2
If (1 9.EQ.O) 1(1=2
I F 1 9.EQ.N) K2z1

S 

Dl 20 K K1,K2
T T T (IT+frT*K)

S Ji’J7-’ K
J2zJ1+N
J3~ J2+ N

S S J4 J3 +N
R(Ji) TT* R1+R(J l)
R (J2 )=TT*R2+R (J2)
RIJ3 )TT*R3+R (J3)
R (J4)=TT*R4+R (J4)

20 C0NTI~1UF
13 C~~N T I N U E

J5 J5+ ’14
12 (LN 1INJ F

R E TURN
END

~~~~~ 
_________
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IV. THE SUBROUTINES DECOMP AND S(LVE

Description:

The subroutines DECOMP(N,IPS,UL) and SOLVE(N,IPS,UL,B,X) solve
a system of N linear equations in N unknowns. These subroutines will

be used in Section V to solve the matrix equation (39). The input to

DECOMP consists of N and the N by N matrix of coefficients on the left— S

hand side of the matrix equation stored by columns in UL. The output

from DECOMP is IPS and UL. This output is fed into SOLVE. Th~ rest of

the input to SOLVE consists of N and the column of coefficients on the
right—hand side of the matri,c equation stored in B. SOLVE puts the

solution ‘o the matrix equat ion In X.

Minimum allocations are given by

COMPLEX UL(N*N)

DIMENSION SCL(N), 1P5(N)

in DEIOMP and by

COMPLEX UL(N*N), B(N ) , X( N)
DIMENSION IPS(N)

in SOLVE.

More detail concerning DECOMP and SOLVE is on pages 46—49 of [13]

LISTINO CF THE SU~ROUT1NES DECOMP AND SOLVE

SU3PflUTINE DFCOMP (N, IPS,UL)
CIMPLEX UL (3136),PIVOT ,EM
DIMENS 1CS N SCL (56hIPS(5t )
DC’ 5 I=i .N
IPS (I)=I
RN=0.

S J1= ,
S Dt~ 2 J=1,N

ULM ABS (REAL (UL (Ji)))+ABS (A I?’AG(UL (Ji)))

• J1 J1 +N
IF (RN—ULM) 1,2 ,2

1 RN U L I
2 CONT I: UE

SCL ( I . 1./PN
5 C1’NTI~ UF

M11 1 = N—i
K 2 0

S DO 17 K=1,NMI

S DC 11 I=K,N
1 P I  PS ( I)
IPI = IP+K2
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S S

SIZE= ( A~tS( REAL (UI ( IPK) )) +ABS (AZMAG ( UL( IPK) ))  )
~ SOIl

.5 IF (SIZE—BIG ) 11,11,10
u BIG=SIZF

IPv= I
Li CONTINUE 

S

I F ( I PV—K )  14,15,14
14 J=1PS(K) S

IPS( 1( ) = I PS( I PV)  • 
S

IPS (IPV )J
15 KPP=IPS(K)+K2

PIvDT=UL (KPP)

S KP1=K+ i
00 16 1=KP1,N S

KP=KPP
IP= IPS( I)+K2

S FM=—UL (IP)/PIVOT S

1 8 UL (IP)=—EM
00 16 J=KP1,N

S 

- 

- 1P I P +N
K P= K P+ N
UL ( P)=UL (IP)+EM*UL (KP )

~~ CC’1! INUF
K2 1(2+N
CONTINUE
R E T U R N
END
SULPOUTI1JE SOIVE (N,IPS,UL,B,X)
COMPLEX UL (3].36),B(56),X(56),StJM
DIMENSiON IPS (56)
N P 1 N+1
tP=IPS ( 1)
((1) =B ( 1P)

PC 2 I=2,N
IP=I PS( I)
Ipe=Ip

S 

JMi = I— i
S sUM=O.

DC 1 J 1,IM1
su~4=suM +uLup *x J

1 IP=IP+N
2 X (I)=P (IPB)—SUM

K2 N*( N—i)
IP= I PS (N)+K2
X(N) =X(N)/UL (IP)
DI 4 IBACK =2 , N
1= NP 1—IE ’ACK
K2 :4c 2— N
TPI IPS( Iè+ K2
~Pl = 1+1
~U M O .
I P=I P1
1W 3 J=IPI,N
IP= I p+ r’j

3 SUM= SUM+UL ( I P) *X (J )
4 X (I)= (X( I)—SUM)/UL(IPI )

PETIJRN
FNE)
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V. THE MAIN PROGRAM

Description:

The main program calculates the electric and m; gnetic curre ts

S (58)—(59) and the normalized scattering cross section~;~~~ and —
~~~~ ‘0)

for the 0 polarized axial’y incident = 1800) plane wave (5O)— (5l).

The main program calls the subroutines YZ, PLANE , DECOMP, and SOLVE.
The main program is short and simple. It is a representative applica— S

tion of the theory in Part One of this report.

Input data is read early in the main program according to

READ(l ,10) NP , NPHI, NT , NT
10 FORNAT(4I3)

READ(l ,ll) BK, UR, E~&, ALP , BET

11 FORMAT(5El4.7)

READ (l,12)(R11(l) ,  1=1, NP)
READ(l,l2) (ZH(I) , 1=. , NP)

12 FORNAT(10F8.4) S

READ (l,ll)(Xi K), K=l, NPHI )
READ(l,ll) (A K) , K=l, NPHI)

The input variables NP, NPHI , MT, RH, ZR , X , and A are very

similar to variables of the same names in the argument u s., of the sub— 
—

routine YZ. In summary , (R11(i), 7.11(i)) ,  i=l,2,...NP, are the c lindrical
coordinates (p~ , z1) on the generating curve, 2*MT is the nunibe of values

of t at which f~(t) is sampled for the purpose of numerical integration,

and X and A are respectively the abscissas and weights for the NPHI point

Gaussian ~uadrature Integration in ~~.

The scattering cross sections are evaluated at receiver ai gles

= ( J— l ) - / (NT— l) radians for J=l,2,...NT. BK is the propagation

constant k in the external medium. This k appears in t 50)— (5l) . UR
S 

and ER are i-~spectively the relative perme- ebility — and the relative
C dpermittivity — of the body of revolution. Here, 

~
‘d 

and C
d 
are the

S ‘ permeability and permittivity of the (diffracting) body of revolut~on
/
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and i~ and r are those of the external medium. AL! and BET are r- spec—e e
tively thi~ constants a and B appearing in (39). Th PMCHW solutio - is S

obtained by setting ce = B = 1. The Wilier solution is obt~ m e d  if a and

B are given by (22) and (23).

Minimum allocations are given by

COMPLEX YE(4*N~ N ) ,  ZE(4*N *N) , R(4*NT *N) ,

B( 4*N) , YD( 4*N*N) , ZD(4*N*N) , Y(l6*N*N),

C(4*N)

DIMENSION RH(NP) , ZH (NP), X(NPHI ), A(NP HI),
THR(NT), RC(O, IPs(4*N)

where
N = [(NP—l)/MT] — 1

Statement 38 puts 
~le 

defined in accordance with (75) ay

[ tt ~~~ 
S

le S

‘
~le 

= (84)

~4~tle le

in YE and Z
le 

defined in accordance with (76) by

zt4)
le le

= (8r)

~~~~

in ZE. Storage of and Z
le is by columns.

Statement 39 puts the matrix R
1 
defined by

1 1
R
1 = (86

(~~i 1

in R. The column vectors on the right—hand side of (86) appear in (56).

For receiver angle 0 THR( r) , R
1 
of (86) is stored by columns in

R((J_l)*4*N+l) through R((J* *N).
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DO loop 22 uses (56) to store the right—hand side of (39) i B.

DO loop 22 also puts 2/(kpi*NT+l
) in RC where 

~I*NT+l 
is the cylit -Irical

coordinate radius evaluated at the peak of the triangle function ~nherent

in f 1(t ) .

S Statement 40 puts 
~ ld defined by

,~~t l

1- ld -

Tld 
= (87)

ld ld

S in YD and Zld defined by

tt
ld ld

Zid 
= (88)

c~t
Z
id 

Zid

in ZD. Storage of 
~ld 

and Z
id 

is by columns.

Nested DO loops 26 and 27 ‘ut the first two columns of submatrices

on the left—hand side of (39) in Y. The index J of DO loop 26 denotes

the Jth column of the composite square matrix on the left—hand side of

(39).

Nes ted DO loops 2 -~ and 29 put the third and fcurth columns of sub—

mat r ices on the left—hand side of (39) in Y. The index J of DO loop 28

denotes the (2*N+J)th column of the composite square matrix on the left—

hand side of (39).

Statements 41 and 42 solve the matrix equation (39) for the corn—
4t ~~~ -±t

posite column vector consisting of V1, 
V
1
, 11, and I~ . This composite

S column vector is stored in C.

S At the peak of the Jth triangle function , the n= 5 term of the

S equivalent electric current (58) reduces to
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(2/ P
~~*j÷u

) t~~ ~t
cos

~~
+ (2 i I ~~~~÷1) l~~ ~~sin~ (89)

DO loop 31 prints the real and Imaginary parts of

Ul = (2/(k p
MT*J+l

) )I
~~ 

,

the real and imaginary parts of

U2 = (2j/(kp
~T*J÷l

))I
~~

and the magnitudes of Ui and U2. Here, Ui is the t component of the

S equivalent electric current in the E plane and U2 is the ~ component

of the equivalent electri~ current in the H plane when the y componei t

of the incident magnetic field is minus one at the origin.

At the peak of the Jth triangle function, the n=~ term of th

equivalent magnetic current (59) reduce~- to

H
0 

(2j /p
~~~ T*J+ l

)V
~~~~~ ~~~~~~~~~~~~ 

~~~
-
~
- (2/p

~T*J+u)Vt~ ~~~~ 
(90)

DO loop 34 prints the real and imaginary parts of

- 

8(J) = (2j/(k 5
~ T*J+l

))V
~~

and the real and imaginary parts of

U2 = (2/(kP
~T*J+i

))v
~~

and th e magnitudes of 8(J) and U2. Here, 8(J) is the t Co tponent of

the equivalent magnetic current in the H plane and U2 is the ~ ~omponent
of the equLvalent magnetic current in the E plane when the x component
of the inc. dent electric field is minus one at the origin.

Nest~d DO loops 35 a~ d 36 calculate and print and —p- of (70).

inner DO loop 36 accumulates the portion
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of (62) in ET and the portion

S - R V ~~~-R~~~~ + +

of (63) in EP. The Wi ar- cl W2 printed In DO loop 35 are respectively

and —p- for receiver mgle 0 = (J_l)* ir/(NT_l) radians.

Suggested modifications of the main program are:

1) Changing the normalization of the scattering patterns.

For example, one could replace (70) by (69).  All scat-

tering pat ..erns in Part One, Section V are plots of (69).

2) Removing the restriction th;~ the values of the input

arguments ‘JP, NPHI , M” RH, ZH, X, and A of the subroutine

YZ be the same in call statements 38 and 40. This modifi-

cation is indicated by (74).

3) Generalizing from axial plane wave Incidence to oblique

plane wave incidence .

The above three modifications can be realized wi thout  tampering with S

any of the subroutines YZ , PLANE , DECOMP , and SOLVE.

The sample input and output accompanying the listing of the

main program is for the dielectric sphere with ka = 1 and 
~ 

= S
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LISTING IF THE ~A A I N PR OGRAM

//P M JOB (XXXX , XXXX ,1,2),’MAUTZ,JJE’ ,REGION=200K
II EXEC hA lF IV
//G3.SYSIN DO *
~JO8 MAUTZ,TI’4E 1,PAGES=40

S C SUBRCUTINES YZ, PLAN E, DECOMP, AND SOLVE APE CALLED.
COMPLEX YE (784),ZE(784),R(1064),B(56),YD (784h10(784) Y (313 1
C.OMPLFX C(56),U,U1,U2,ET,EP,CONJG
DIMENS ION RH (1o1),ZH(161),X (48),A(48),THR(37),RC (19) .IPS(5’;)
READ (1,1O) NP ,NPHI,MT,NT

1 0 FIJ RM AT (4I3)
READ (1,1l) BK ,LI~,ER,I~LP,BET

11 FORM AT (5E14.1)
S READ (1,12) (RH(I),I— 1,NPI

F~EAfl (1, 12) ( ZH( I) ,I=1 ,NP)
12 FOP .MAT(10F8.4)

READ (1,il) (X(K),K=1,NPHI
RFAD (1, 1l)(A(K),K=1,NPHI)
WR ITE (3,13) NP,NPHI,MT ,NT

13 Ffl1~M A T ( ’  NP NPHI MT N T ’ / ( LX . 13 , 15 ,2 13 ) )
W P1TE (3,14 ) BK,UR,ER,ALP,BE1’

1 4 FtJRMAT (7X,’BK’ ,12X ,’IJR’,12X, ER’ ,1IX, ’ALP’ ,LLX ,’BET’/(1X,5E 4.7))
Wic I TF ( 3,15) (RHI I) ,I=1, NP)

15 F U R~-A T (’ PH’/(1X,10F8.4))
hRI1F (3,16) (ZH(I),1=1,NP)

1 6 FDRfrAT( ’ ZH’/( 1X,10F 8.4) J
hRIT F(3 ,17) (x( K) ,K=1. ,NPH I )

17FORMAT( ’ X’ /(iX,5EJ.4.7))
wPITE (3,18)(A(K),K=1,NPHI)

1R FCPMAT (’ 4’/(IX,5E14.7))
DO 19 J=i,NP
RH (J)=BK*RH (J)
Zh (J)=BK*ZH (J)

19 (ONTINUE
38 CALl YZ (1,NP,NPHI ,—1,MT ,RH,ZH,X,A,YL,ZE )

hR J1f( 3,20) (YF( I), 1= 1, 4 ) ,  ( Z ~~U ) ,  1=1, 4)
20 FURMAT( ’ SOME ELEMENTS OF YE AND Z E ’/ ( L X , 4 E 1 4 .7 ) J

P1=3.1 41593
PT=P I/(NT—1)
DC 21 J 1,NT
THF (J)~ 1J_ i )*DT

21 ((NTINUFL
39 CALL PLANE(1,N,MT,NT ,THR,R)

N2=2*N
N3 3*I’l
N4~ 4*N
NTr S .~~ ( iT — 1 ) * t ~4
flfl 22 1 1,N

S J3=I+NTN
& (I) =P. ( J3)

~~~ F (I+N )=—R (J3-sN)
B C  !+N2)=—R(J3+N :--)
B (I +N3)=—R(J3+N2 )

S R ( ( I ) = 2 ./ R H ( M T * 14 1)
2? C(-~~T INUE

2 ’- F L F - A A T (’ HAL F CF ~HE ELEMENT S OF I-~~/(1X,4E14.7))FN; QRT(Uk*ER)
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DO 24 I=1,NP
RH ( I ) = EM*RH( I)
ZH(I ) EM*ZH( I)

26 CCJNTINUF
40 CALL YZ (1,NP,NPHI,1,MT,RH,ZH,X,A ,~~0,ZD)

WR ITE ( 3,25) (YD( 1), 1= 1, 4) , (ZD(I) , I~ 1,4)
25 FCRMAT (’ SOME EL EMENTS OF YD AND D’/(1X,4E14.7))

D~~SQRT (UR/FP )
AL Pt) =AL P
bETD=BFT/D
.JY=o
J1=O
DC 26 J-~1,N2 S

S 

DC 27 I=1,N
JY=JY +1
J1=J 1+1
J2~ J 1+N
Y (JY )=YE(J2)+ALP*YD (J2) S

, Y ( JY +N ) =—YF (J l )— A LP*y D (J1 )
Y (JY + N2) =ZE (J2)+BET D* lD(J2 )
Y(JY+N3)=—ZE(J])--BETD* ZD(J1)

27 CCNT INUE
JY=JY+N3
J IJ  1+N

26 CON T INUE
J1=O
00 28 J=1,N2
DC 29 I=1,N2
JY=JY+ I
J 1::J 1+ 1
Y(JY)=ZE(J 1 )+ALPD*ZD(J 1)
Y(JY+N2)=YE (Jl)+BET*YD(J1)

29 C(~ T I N U E
JY JY+N2

28 CONTINUE
41 CA L L DE CCI~P (N4,IPS,Yi
42 CALL StiLVE (N4,IPS,Y,~~,C)

hRITE(3,30 )
F 3 0 FCRM AT (’O PEAL JI IMAG JT REAL JP IMAG JR ~AG JT

LMAG JP’ )
U= (O.,1. )

S N’ 31 J=1-, N
RI-~~RC(J)S ET=U*RR
E3(J)=ET*C (J)
J 1 = J +N
B(J 1 )~~RP*C (J1 )
U1=~-kP*C (J-’~N2)

S U2=ET*C (J+N3)
hl=CABS (U1 )
W2 CAB S(U2 )
hPITE (3,32 ) &J1,U2,W1,W2

- * 22 FORMAT(1X,6E11.41
31 CON1 INU F

- 

- 

/ hF ITE (3.~~3)31 F( I’A A T ( ’ O  REAL MT IMAG ii REAL MP IMAG HP M ~ MT
1MAL MP ’3
00 34 J 1,N
U2=~~~J+N

- S 
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t~.2~ C A b S ( U 2 )
P~PIT E(3,32) B (J),U2,W1 ,~~234 (CNT I NU F
WR iT F(3,37)

37 FCRMAT ( O SJGTMETA SIGPHI’)
CC,N= .25/PI**3 

S

JR 1=0
DC 35 J=1,NT
FT= O.
EP =O.
DC 36 I 1,N2
J€ 2= I+N2
JF- 1=JR I+1
J P2=JR1 +r~2 S

( .JR2 ) *c ( I)  +R( JR 1) *c( JC2 )
S 

FP=EP_R (JR1)*C (I)fR(JR2)*C (JC2)
36 (.1NT INUE

S J}-1 JF~1+N2

~ 1 C r ~~ET*CCNJL,(ET )
W 2= I . L N* - FP* CCNJG ( EP)

~ R 1T F ( 3 , 3 2 ) Wl,w2
35 (CNTINUE

S TI-P
EN P

SO A1’ A
21 20 2 1~-
C. I000000 F+0 1 O.1C00000 F4- O l 0.4000000E-*-) 1 0. ‘ OOOOOO E+O l 3. I0000CO F-4- 01
0.0000 0.1564 0.3090 0.4540 0.5878 0.7D71 0.8090 0.8910 C.~~511 0.~~877
1.0000 C.9077 0.9511 0.8910 0.8090 0.7071 C.587~ 0.4540 0.3040 0.1564
0. 0000

—1.0000 —O.9b77 —0.9511 —0.8910 —0.8090 —0.7071 —0.5878 —0.4540 0.3090 —0.1564
0.0000 0.1564 0.3090 0.4540 0.5818 0.1071 ~.809( 0.8910 0.°511 0.9877
1. 0000

S _- 128  -0—0 .9 63 9 7 19E -4 - Oo -— 0 .9 122344F+ 0 0— 0 .839 1170E+ O C —0.74633 1 ~E+03
—O . 63605~ 7 E + O O — O . 5 1O e o 7 o F ÷ o o — o . 3 7 3 7 3 o 1 E + o O — 0 .2 2 7 7 8 5 9 E f 0 c — O .7652652 r— O1

O .76 5? 6 ” ? F— O l  0 . 2 2 7 78 5 9 E + 00  0. 37 3 736 1 E÷00  O .5 10 8 6 70 E + C 0  0 .63605 37 E-’-O°

O.7463319F+Ot) 0.8391170E+00 0.~~122344E+00 O.9639719E+0O 0.9931286F+00
O.17~,1401t— 0l O.4(;60143E—01 0.t-267205E—01 0. 8327674E—01 O.10193C1E+00
O .111 1Q45E+00 0.131~ 886E+OO 0.1420961E+O0 0.1491730E+00 0.15275~24E+00
0.1527534E+O0 0. 1491730E+0O O.1420961F+00 0. 1316886E+00 O.11819’5E+O0
0.1019~ o1E+00 0.8327674E—01 0.6267205F—01 0.4060143E—01 0.17614’;lE—O l

$ 510 P

1*
/1

PPINTM~ 
( UTOUT

NP NPHI M T NT
21 20 2 iS

UP FR A L P  BET
0. 1J ’ f l O ( O F + O l  0. IO CC 000L- ’-O 1 0 .4000000~~+-D 1 0 .1000000E+0 1 0 .1 -30 O0 Q 3E+ ~’1

R H

0.0000 0.1564 0.3090 0.4540 0.5878 0.7071 0.80~ C 0.8910 ‘~.9511 0.9877
1.0000 0.9877 0.9511 0.8910 0.80’-)O 0.7071 0.5878 0.4540 C.3090 0.1564
0. c)( ( ‘C

Z H
— 1 .  0C — n .9877 —0.95 11 —0. 8)10 —0.8090 —0. 7071 —0.5878 —0.4540 —0.3090 -0. 1564
C.ocoo f-.i56~ 0.3090 0.4-’40 0.5812 0.7071 0.8090 0.8910 0.9511 0.9877
1. 3000

X
—o.9’~~12 r.oO—0.q6~ 9719E+0o—0.qI22344F+-)O—O.8391170E+0)—0 .746

-
~~1gE+Oo
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—0.~ 360S37F+0G—0.5108670E+00—O.373?061E+Q0—O.2277859E+O )—0.76526~ 2E—O1
0.7E-52652E—01 ).2277859E+00 0.3737061E+00 O.5108t7OE+ 0~ O.~~36O537E+ 00
O.7463319E+00 ).8391170E+00 0.912234’E+)0 0.~ 639719E+0 0.c9312~~6F+00 S

A
O.17~. 1401 E—01 C.4060143E—01 0.6267208E— ‘1 0. ~327675E—Ci 0.10193 IE+000.11~31945F i 0O 0.121~ 886E+C 0 O.142096 1E+ i0 O.~.49173OE+OO 0.15215~~4r+OO
0.1527534F4 ~O 0.1491730E+00 O.1420961E+-)O O.1316886E+00 O.1181’45F+00
0.1019301E+ -0 0.832767~ E— 01 0.6267208E—)1 0.4060143E—0l 0.17614C1E—0 1

SOMF FLEMENT~ CF YE AND ZE
O.24?1891E+0l—O.5483869E—02 0.507 693E+uO—0.1154096E—O1
0.1015252 F+OO—0.2041826E—O1 0.917-3627F—3t—0 .3066700E—01
0.9008127E—O1—0.7025097E+01 O.76C7359E—31 O.1940044E+01
0.5597932F—O1 0.7892063E+00 0.3345479E—01 0.2816698E+00

HAL F ~ F THE E L E M E N T S (iF B
— 0 . 5-464 500 E+O0—O .750?574E+00—0. 544937 1F+00—O .569068 8 E+O0

S 
_0.4 7O9502 F+00_ i.322C64 1 E+C0~~O .2808 148 E+00_ O .1054O77E+0O

S O.~~00O0OC’E+0C— .1778 790E—C1 O.2808146E+OO—0.1054077E+0O
0.4 7(S9504z+00_~~.3229, 41 E+C0 0.5449370E+00—0. 5690686 E+OO
0.54o4502 +00—0.7502: 76E+00 0.7951685E+00—0 .5814634E÷0O
0.7044444 +0C—0.6853t 59E+00 O.5376098E+O0- 0.8194968E+0O
O.2~~~q058~ +O0—O.9327149E+ 00—0.000O000E+O0- O.9769601E+OO

—0.293~~057E+O0—0.9327147E+ O0—0.5376O99E+00-O.8194970E+00
—O.7044442E+O0—0.6853657E+0O—O.7951688E+00-0.5814636E÷00
SOME E L F ~~~ENT S OF VO AND ZD
—0.2290969F+0l—0.3768066E— O1— 0 .3189305E+O0—O .7057631E— 01

0.95c~~513E— O1— ~~. 1088477E+0O 0.4942125E—O1— 0. 1374637E+O0
O .342 8959F+OO— 0.2902117E+ 01 0.2818384E+O0 0.1262741E+01

0.2082631 E+OO O.5027283E+O0 O.1465860E+00 O.1911734E+00

PFAL J’ IMAG JT R EAL JR IMAG JP MAG J T  MA~ .JP
S — 0.6398E+O0—0.1395F+O1 O.6170E+00 0.1415E+01 O.1535E+01 0.1’43E+C1
S 

—0.8349E+O0—0 .1227E+01 0.8652E+Q0 0.1174E+O1 0.1484E+01 0.1459E+C1
—0.1C25F+O 1—0.9274E+O0 O.7285E+O0 0.9655E+O0 O.1382E+01 O.1 IOE+C1

S — 0.1127F+O1—0 .A .361F+0D 0.6632E+O0 0.6917E+0O 0.122’3E+0 ) 0.59182E+O0
—0 .1094F+01 0.5150E—C1 0.4185E-I-00 O .b316E+0O O.1096E+01 C.7d 76E+O0
—0.8731E+0O O.5874E+00 O.1349E+00 O.7185E+)O 0.1052E+O 1 0.7. I1E+O0
—0.5410F+0O O .1026E+O1 0.1116E -i-00 0.1OLIE-s- ~1 0.1160E+01 O.lul7E+01 

S

— 0.1626E+0C 0.1320E-4O1—0.931-9E—01 C.1256E+U1 0.1330E+O1 O.1260E+C1
O.17221+O(’ 0.1479E+01 0.2244E+OO C.1496E+01 0.1489F+01 C .1513E+C1

RE AL MT IMA G MT RE AL MP IMA G MR MAG MT MAG MR
—0.1 Ot 4 E+00—0.68 06E+0O— 0.8434E—0 1—0 .696 3 E+O0 O.6889E+00 0.7014E+00
—O.2223E+O 0—0. 5834 F+C0—0 .2 176E ø-00—0 .5837 E+0O 0.6279E+0O 0. 6230E+C0
— O .3 7 1 2 F + 0 0— 0 .4 1 90 E + 0 0 — O . 16 3 9E + 0 O — 0 .  5138 E+00 0 .5598E+O0 0 .5393E+C0
— 0 . 4 7 3 1 E+ 0 C— 0 .  18 0 9 E + C 0 — 0 . 1 4 42 E + O 0 — 0 .  4209E+00 0 .5065E+00 C.4449E+C0
— 0 . 5 0 7 2 E + 0 0  0.10 93E +0 0—0. 46 17E— 0 1—0.4 19 9E+ 0 O O .5 188E+ 0O O .4224F+C 0

— —O .4451F+0O O.3’92E-*C0 3.5351E—01—0.4-~4OE+C0 O.5979F+OO C.4°69E+OO
—0.3171E+)0 0.6 97E+00 0.701 .9E—01—O.6418E+ (0 0.7140c+00 0.S6457E+C0

S 

— 0.1556F+00 0.8 )02E+O0 0.127.E+00—O.7901E+( 3 O.8152~ +0O O.6003E+OO
—0.1 304F—01 0.8-352E+CO—0. 1307E—O1—0.8971E+t,0 0.8853 +OO 0.8972E+(’0

SI GIHETA SIGPHI
0.1535F+0C 0.1535F+00

S C .14 88F +O0 0 . 15 2 3E + 0 0
O .1355E+00 0 .1489F+CO

0.1153E+00 O .1433E+C0
0.c112E—O1 0.136CE+00
0.i~592E—01 0.1272E+00
0.4260F—0l 0.1176E+CO
0 .2343E — O] .  0 . 1074E+C0
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C.9801E—O ’ O .9722E — O 1
O.2164E—O c 0.8741E—01
0.1589E—0~ 0.7831E—C1
0.2810E—0- ’ 0.7015E—0].
O.8790F—0? 0.6308E—C1
0.1666E —0) 0.5717E—01
C.2504E—01 0.5241E—C1
0.3278F—01 0.4879E—01
0.3 895E— O 1 0 .4625E— 01
0 . 42 9 0 E — 0 1  0 .44 7 5E— C 1
0.4426E — 0 1 0.4426E— 01

I
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PART THREE

PROJECT SUM MARY AND RECOMMENDS lIONS

S ‘ I. 
- 

SUMMARY OF WORK PERFORMED 
S

The purpose of this project was to inves igate applic dons of
the method of moments to obtain vector solutions of iritegro— ii fferential
equations f radiation and scattering- problems for se-’eral types of

boundary conditions. This first required a study of techniques which
S apply to the general formulation of iatrix solutions to multiple regions

ard multiple sources. After the general f r-mulation was complete , the

s i - l ution was to be app lied to rep res ‘ntati\ .~ problems such as arrays of

cavity—backed and waveguide—fed aper ures .

Th - first problem was to appl - the techniques to aperture antennas

in conducting bodies of re -’olution . This involved the use of previously
developed programs f’r radiation and scattering from conducting bodies of

revolution [14,15]. These urograms are a solution to the E—field integra-

equation, .ind it is known that solut ions to this equation are not unique

at certain cavity resonant frequencies [9]. The alternative approach of

using the H—field integral equation also has solutions that are not unlc te

at the same cavity resonant frequencies [9]. One method to obtain an

integral equation which does have unique solutions at the cavity resona t

f requencies is to take a lirn ar combination of the E-field and H—field

equations [1). Such a procedure leads to the combined—field integral

equation . However, no computer programs were available for solutions to

the combined—field equation for bodies of revolution, so the first task

was to deve lop such p rograms . This resulted in our f i r s  two In te rim
Technical Reports [9, 10]. Abstracts of these repor ts a~e given it-

Section II below.

[14) J. R. Mautz and R. F. Harrington , “Generalized Network Parameters
for Bodies of Revolution ,” Report AFCRL—68— 0282 , Contrac t No.
F 19628—67—C — 0233 , Air Force Camb ridge Research Laborator i es , May 1968.

[15 ] R. F. Hai rington and J. R. Mautz , “Radiation and Scatte ring f rom Bodies
of Revolution ,” Report AFC -L—69—0305, Contract No. F19628—67—C—0233,
Air Force Cambridge Resear~h Laboratories, July 1969.
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Deve lopment of the combir ed—field sol ttion for conducting bodies ‘ f

revolution required the evaluati n of l oth t te E—f f e ld  and the H—fie ld
integral operators . These two operators are also those required to solv

the problem of electromagnetic scattering by dielectric bodies. Hence, S

our next task was to incorporate the computer programs for E—fie ld and
H—field operators into programs for dielectric bodies. The theory of tI~ s
work constitutes Part One of this report. The computer programs and do i—

mentation of them are given in Part Two of this report.

The next step in the project was to a ply these solutions to the

problem of waveguide—fed and cavity—backed apertures in :onducting bodies.

These waveguides and cavities may or may not be dielectr c filled. Pre—

liminary work for waveguide—fed apertures was given in R.port No. 12 of

the preceding project (161. Application of the theory to arrays of wave~ uide—

fed and cavity—backed a-itennas i~ conducting planes is given in another t~ o

reports [17,18]. It was planned to use a similar type of solution for ajor—

tures in a conducting body of re iolution . This solution would use the c >mputer

programs given in the present report (Part Two) to determine :he apertur

admittance matrix. However, further wor1~ must be done before this solut~ on

can be made available.

II. INTERIM “ ECHNICAL REPORTS

)uring the project two Interim Technical Reports we re wr i t t en  and

published by RADC . Thes reports and their abstracts are listed below .

1. “H—fie ld ,  E — f f  ‘id , and Combined—fie ld  Solutions for Bodies of

Revolution ,” by J. I . Maut z and R. F. Rarrington , interim Technica’ Report

RAI)C—TR—77—109, Marc t 1977.

[161 j. R . tt autz and R. F. Harrington , “Transmission f r n  a Rectangular
Wavegui le into Half Space through a Rectangular Ape rture,” Report
RADC—TR-76—264, Rome Air Development Center, August 1976.

[17] J. Luzw i ck and R. F. Harrirgton , “A Reactively Load.~d Aperture Antenna
Array,” Report TR-76—lO , C ntract No. N00014—76—C--0225, Office of Naval
R searcl- , Septembe r 1976.

[18] J. Luzwick and R. F. HarrIngton , “A Solution for a Wide Aperture
R.actively Loaded Antenna ~\rray ,” Report TR—77—l , Contract No. N00014—
7~ —C—0025, Office of Naval Research , January 1977.
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Abstract: H—field , E-f ield, and c ombined—field solutions are S

developed for the electric s rface currer t and far scattered fields of

a perfectly conductin g body of revolutlo, excited by an incident p lane

wave. These solutions are obtained by applying the method of moments

to the H—field , E—field, and combired—field integral equations , respec—
S tive ly. The H—field integral equation is obtained by requiring the

tang~ntial magnetic field to be zero just inside the surface S c f the

body of revolution. The E—fie ld  integral equal ion is obtained by re-
quiring the tangent ial electric field to be ze -o on S. The combined

field integral equation is a linear combination of the H—field and E—

field integral equations . Computations show that both the H—field an~
the E— field  solut ions deteriorate near internal resonances of the con—
ducting surface S, but that the combined field solution does not .

2. “Computer Programs for H—field , I —field , and Combined—fie’d

Sol~ tions or Bodies of Revolution ,” by J. R. Mautz and R. F. Harrir ;ton,

In t & ri m Te hnical Report , RADC—TR— 77—2l5 , June 1977.

A b s t r a c t :  A computer  program is g iven to imp lement the H — f l  Id ,
E—fi el d , and Combined—field solutioim given in Interim Technical Rel~ort

RAP :—TR—77—109 for a perfectly couduc ting body of revolution excited by

an blique plane wave Incident field The program consists of several

sub -out ines  and a mali program . The main program ca1cula~es th- d ee—

tri current on the h ’d y of revolut ion and the b i s t a t ic  s~ atte rii~~ c ross

section per square wavelength. Some examp les of computations are ~iven

and discussed.

Ill. JOUR1~AL PUBLICATIONS

During the pro jec t  the following papers on work related to t h e
project  have been publish ed or accepted by technical journals .

1. R. F. Harr ington and J. R. Mautz , “A Generalized Network
S Fortiulation for Aperture Problems ,” IEEE Trans.. vol. AP—24 , No 6,

November 1976, pp. 870—873.

2. R. F. RarTington and J. R. M-iutz, “Electromagnetic

Transmission through an Aperture In a Conducting Plane,” AEU, vol. 1 ,

No. 2, February 1977 , pp. 81—87.
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3. R. F. Harrington and J. R. Mautz , “Computatiot ii Methods for

Transmission of Waves throug i Apertures,” to appear in E ectromagnetic S

Scattering, edited by P.L.E. Uslenghi, Academic Press, 1977.

4. Yu Chang anti R. I’ . Harrington, .~~ Surf-ice Formulation for S

Characteristic Modes of Material Bodies,” accepted for publicati rn in

the IEEE Trane actions on Antennas and Propagation.

5. J. L. Luzwick and R. F. Harrington, “ -\ Reactively Loaded

Aperture Antenna Array ,” ac -epted for pub1ication in the IEEE

Transac Lions on Antennas and Propagation.

IV - RECOMMEN1)ATIONS FOR FUTURE WORK

On the basis of res uir s  ob tained during the present projec t le

following topics appear promising for future research.

1. A computer program should be developed for c omputing the

electromagnetic behavior of waveguide—fed and cavity—backed apeitures

in bodies of revolution . The waveguides could be either air filled

or dielectric filled. The program would make use of the matrices

evaluated for dielectric bodies of revolution , appearing in this report.

2. A comb ined—source ~~ lution should be develope l for conducting

bodies of revolut ion , similar o t h a t  used b y Bolomey ai I Tabbara [191

for two—dimensional scattering aroblems . The advantage of the combined—

source formulation is that it a -sures uniqueness of the solution for the

E—field (or H—field) at all f r e q u e n c i e s .  It is prob ably related to t he

combined— h eld f o r m u l a t i o n , given in the  f i r s t  In teri i -~ Technical Repor t .

3. Combined- h ield and comb ined -~~’urce  solutions should be in-

vestigated for aperture p roblems . ~ iLh the formulation presently used ,

S the admittance matrix for a cavity prob lem becomes singular at resonant

f requenc ies  of t h~ c a v i ty .  i t  i s  [c it  t hat  a comb ined—fie ld  or co ib ined—
S sour e formulation would ove -come this difficulty .

[19] 1 . C. Bolomey and W . la bar-a, Numerical Aspects on Coupling between
Comp 1~~nientary Boundary ialue Problems,” IEEE Trans., vol. AP—2 I,
No. 3, May 1973 , pp. 356—363.
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S

4. General programs of the type developed on this project for
S 

bodies of revolution should be developed for other kinds of bodies.

S While it ii probably too difficult at this t ime to develop programs

for arbitrarily shaped bodies , it is possible to develop them for oth r S

classes of shapes, such as cylinders of arbitrary cross section, eith~r
- 

infinite or finite in length.

— 
I
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